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a b s t r a c t
The image of a translational target is moved by the Doppler-shifted phase of the diffraction ﬁeld of the
light incident on the target. However, no one has yet utilized the physical relationship between the
Doppler effect and the diffraction ﬁeld in microscopic imaging. Here, we demonstrate Doppler-spectral
encoding of the diffraction ﬁeld of a translational target. We found that the angular spectrum of the
translational object was encoded by the Doppler spectrum, and the interferometric recombination of the
Doppler spectrum yielded a 2-dimensional complex image. We further discovered that two Doppler
effects, which are evoked by the movement of the target against a stationary source and detector, can be
exploited simultaneously in synthetic aperture tomography. Doppler-spectrally encoded imaging may
lead not only to label-free imaging ﬂow cytometry of living cells but also to non-destructive imaging of
products during inspection on a conveyer belt in either the sound or electromagnetic regimes.
& 2014 The Authors. Published by Elsevier B.V.
1. Introduction
If light interacts with a moving target, it can acquire a Doppler-
shifted phase whose continuous change yields a Doppler-shifted
frequency. This physical process holds true, for example, when
perceiving one's own hand movement although the speed of that
motion is in fact very slow compared with that of light. However,
no one perceives the hand movement itself as resulting from the
Doppler effect. Similarly, no one has exploited the Doppler effect
to perform microscopic coherent imaging of translational objects.
Hufnagel [1] ﬁrst proposed in 1966 that rotating objects such as
astronomical satellites can be imaged by exploiting the Doppler
effect. Goodman [2] reviewed the topic, and the idea was later
extended to the acoustic and microwave regimes [3]. Hufnagel
referred to this method as “Doppler-spread imaging” and assumed
that the light incident on the satellite returns back to the detectors
specularly because the satellite is very far away. As a result, his
technique detects the specular reﬂection ﬁeld rather than the total
diffraction ﬁeld. In the case of objects that are close to the
observer, a slit has been used to super-resolve the image by
exploiting the Doppler-shifted light only from the specular reﬂec-
tions [4,5]. These techniques must utilize speciﬁc incident and
scattering vectors because they require that the projection dis-
tance to the rotational axis is linearly related to the Doppler-
shifted frequency. Such imaging techniques are useful in cases
where the objects are far away or a low numerical aperture
objective lens is facing the objects. A separate non-microscopic
imaging technique utilizing the Doppler effect is known as
synthetic aperture radar (SAR) (initially called “Doppler Beam
Sharpening” (DBS) by C. A. Wiley in the 1950s). This technique
also exploits the phase shift caused by the Doppler effect. In SAR,
the experimenter records the amplitude and instantaneous phase
shift 2kR (of the complex ﬁeld), which signify the zone plate for a
distance R between the scatterer and the airborne antenna as an
aircraft approaches, passes, and recedes from the scatterer. The
recorded complex ﬁeld is the Fourier transform of an image of the
scatterer. In the ﬁeld of biological applications, spectral encoding
techniques [6–8] artiﬁcially encode positions on the sample with
wavelengths of light. Such techniques are used to perform reﬂec-
tance imaging of translational objects such as cells ﬂowing in
micro-ﬂuid devices or blood vessels by scanning the samples with
a transverse spectrally encoded line beam. Yelin [9] measured 2-
dimensional ﬂow velocities across a tube by using the Doppler
effect of a priori spectrally encoded light.
In contrast to a priori spectrally encoded imaging [6–9], we
impinge a monochromatic light beam (not a line beam) that has a
diameter that covers the translational object and detects the entire
diffraction ﬁeld, which consists of frequencies that are a posteriori
Doppler-spectrally encoded, with a 2-dimensional camera. Here,
we ﬁrst introduce a Doppler spectrum representation of the
diffracted ﬁeld for the translational objects according to the Born
approximation. Then, we perform temporal 2-dimensional coher-
ent imaging of the translational objects using the Doppler spec-
trum representation. Finally, we perform synthetic-aperture
tomography based on the Doppler spectrum representation for
3-dimensional, label-free imaging ﬂow cytometry applications.
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2. Methods
2.1. Principle
The Doppler effect is evoked in two ways: once when the
incident laser light of the stationary transmitter system impinges
on the moving target and once when the light is scattered from
the moving target and received by a stationary detector [10]. The
Doppler-shifted frequency Δω of the diffracted light from the
translational object is therefore the inner product of the velocity V
of the translational object and the difference vector of the incident
light wave vector k0 and the scattering wave vector k:
Δω¼ ðkk0Þ  V : ð1Þ
For simplicity, we assume that the incident light k0 is normal to
the translational direction of the object such that the right side of
Eq. (1) represents the inner product of k and V.
In the late 19th century, Ernst Abbe described an object as a ﬁne
grating in his theory of image formation in the microscopy [14], and
all objects are composed of gratings having various spatial frequen-
cies. Because an imaging system is a linear system, we can consider a
grating with a single spatial frequency as an example. In Fig. 1, a
sinusoidal grating whose spatial frequency is Kg along the x-axis is
moving linearly along the x-axis at a constant velocity V. The
collimated light depicted in green in Fig. 1 is normally incident on
the translational grating. Because the ﬁrst-order (71) diffracted light
beams are frequency-shifted due to Doppler effect, these beams are
depicted as blue and red while the zero-order light is the same color
as the incident beam as it does not have any frequency shift. If k is
the scalar of the wave vector k, the scattering angles 7θ of the ﬁrst-
order diffracted light beams are expressed as 7sin1(Kg/k) [15]. The
frequency shift Δω of the ﬁrst-order diffracted light is calculated as
Δω¼7KgV by substituting the scattering angle θ into Eq. (1). Here,
we ﬁnd that the spatial frequency Kg is linearly related to the
Doppler-shifted frequency Δω by the factor V. Fig. 1 also depicts
that these frequency-shifted diffracted beams are focused on the
Fourier plane in spatially separated locations by lens 1 and that the
temporally different frequency-shifted beams are spatially recom-
bined on the back focal plane (image plane) of lens 2 such that the
focused image will move. Although temporal focusing [11–13] does
not utilize the Doppler effect, the recombination of spatially sepa-
rated frequencies of broadband light with a stationary grating is
analogous to the recombination of spatially separated Doppler-
shifted frequencies of monochromatic light with a translational
grating.
So far, we have described an intuitive understanding of Doppler
spectral encoding and decoding of an image of a translational
object. Next, we introduce an integral equation for the scattering
potential F(r) in Eq. (2) to generate a rigorous relationship
between the Doppler-shifted frequency and the diffracted ﬁeld.
We will base our analysis on the ﬁrst-order Born approximation
for the diffracted ﬁeld UðSÞ1 of a stationary object at inﬁnity.
UðSÞ1 ðrÞ ¼
Z
V
Uðr'ÞFðr'ÞGðrr'Þd3r'
¼ expðikrÞ
r
Z
V
Fðr'Þexpð iK  r'Þd3r'; as kr-1 ð2Þ
where G(r) is the Green's function exp(ik|r–r'|)/|r–r'|, K is k(s–s0),
and F(r) is k2[n2(r)–n02(r)]/4π (n and n0 are the refractive indices of
the sample and the medium, respectively). s0 and s are the unit
vectors of the incident and scattered light. This equation is well
known, yet no one to our knowledge has utilized it to take the
Doppler effect of a translational object into account [1–5]. We
derived the diffracted ﬁeld of a translational object by applying
Galilean transformation [16] to that of a stationary object repre-
sented in Eq. (2). The ﬁrst inertial frame r1, which includes the
transmitter and receiver, now stands still while the second inertial
frame r2, which includes the object, moves at a constant velocity
V. According to Galilean relativity, the space and time coordinates
in the two frames are related by
r2 ¼ r1Vt1; t2 ¼ t1: ð3Þ
We can apply this transformation to Eq. (2) because the
velocity of the object is small compared to the speed of light.
Imagine that an incident ﬁeld U(r) is transmitted and a scattered
ﬁeld (ﬁeld propagator) G(r) is received in the ﬁrst frame, and the
scattering potential F(r) is in the second frame. Substituting with
Eq. (3) into the term F(r) and changing variables yields the
scattered ﬁeld of a translational object:
UðsÞ1DopplerðrÞ ¼
expðikrÞ
r
exp½ iðω0þKxVxþKyVyþKzVzÞt ~F ðKx;Ky;KzÞ
ð4Þ
where we added an original light frequency term exp(–iω0t). ~F ðKÞ
is the Fourier transform of the scattering potential F(K) and is
known as the scattering amplitude in the far-ﬁeld zone of the
scatterer. It is very simply related to the angular spectrum
representation [17]. In the case of a relatively thin object, the
representation is the angular spectrum itself. In this sense, the
diffracted ﬁeld of the translational object at inﬁnity consists of an
angular spectrum whose phase term is temporally modulated by
the Doppler-shifted frequency Δω according to Eq. (5). In Fourier
optics, it is well-known that the Fourier image of a translational
object changes in the phase but not the amplitude. This fact is also
mathematically known as a “phase (or time) shift” and is the one
of the properties of the Fourier transform. The continuous change
of the phase in the angular spectrum yields a change of the
temporal frequency, which is called the Doppler-shifted frequency.
In other words, the Doppler effect causes a conversion of spatial
frequencies (angular spectrum) into temporal frequencies. Later,
we will show that the angular spectrum of a translational object is
frequency-shifted (colored) along the translational direction.
Eq. (4) implies that the angular spectrum of the scattered ﬁeld
~F ðKÞ is encoded by a Doppler-shifted frequency kV (in simple
nomenclature, the Doppler spectral encoding) if the incident light
is normal to the translational direction of the object (i.e., k0V¼0).
Furthermore, if the translation axis (V) of the object is parallel to
Kx (i.e., Vy¼Vz¼0), one can at once retrieve the kx-axis component
of the scattering potential F(Vxt) in time from an integration of the
scattered ﬁeld with respect to kx. This integration explains how the
image of a translational object is focused. Considering that the act
of focusing an image of a stationary object can be deﬁned as the
recombination of the angular spectrum of the object and that the
angular spectrum ~F ðkVÞ is related to the temporal spectrum exp
(ikV) by the Doppler effect (Eq. (1)), the recombination of the
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Fig. 1. Principle for converting the spatial frequency of a translational grating to a
temporal frequency by the Doppler effect. The scattering angle θ is deﬁned by sin–
1(Kg/k). k is the wavenumber, and Kg is the spatial frequency of the grating.
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temporal spectrum is meant to focus the image temporally. Here,
we explicitly name such a recombination temporal-imaging. We
note that this is the physical process of imaging a translational
object by means of a lens.
Eq. (4) implies that the angular spectrum of the incident ﬁeld
k0 is encoded by the Doppler-shifted frequency –k0V if the
incident ﬁeld is a focused beam along the translation axis.
Furthermore, if the translation axis (V) of the object is parallel to
Kx (i.e., Vy¼Vz¼0) and if the scattered ﬁeld whose Doppler-shifted
frequency is (k–k0)V is temporally measured in direction k (kV is
constant), one can at once decompose the scattered ﬁeld by the
Doppler-shifted frequency –k0V of the incident light into a set of
scattered ﬁelds that can be distinct for the original incident ﬁeld k0
even if the incident ﬁeld is a focused beam (a set of incident
ﬁelds). This explanation describes how synthetic aperture tomo-
graphy distinguishes each incident ﬁeld from the set of incident
ﬁelds that are incident on the translational object. Here, we exploit
Doppler-spectral encoding of both the incident and scattered ﬁelds
to perform 3-dimensional imaging. Considering that synthetic
aperture tomography [18,19] utilizes Doppler spectral encoding
of the incident ﬁeld, we refer to our imaging as Doppler-spectrally
encoded synthetic aperture tomography (DSE-SAT). For compar-
ison, temporal-imaging exploits only one of the Doppler effects
previously mentioned while DSE-SAT exploits both of them.
2.2. Doppler-spectrally encoded imaging system
2.2.1. Heterodyne interferometer
We employ a Mach–Zehnder interferometer for the Doppler-
spectrally encoded imaging system as shown in Fig. 2. We
interfered the diffracted ﬁeld UðsÞ1Doppler with a reference light beam
having a frequency of ω0Ω. The frequency Ω is determined by
the total modulation frequencies of two acousto-optic modulators
(AOM1 and AOM2 in Fig. 2) in the DSE imaging system shown in
Fig. 2a. As a consequence, the interference signal I(t) can be
expressed in the form
IðtÞ  cos ½ðΩþK  V Þtj ~F ðKÞj ð5Þ
where the quadratic phase factor exp(ikr) is dropped. This hetero-
dyne interference technique is a down-conversion of the optical
frequency ω0 by the frequency Ω at which the reference light is
modulated; the amplitude and phase of the down-converted ﬁeld
are the same as those of the original optical ﬁeld. Although most
heterodyne interference techniques utilize a lock-in ampliﬁer to
detect a narrow-bandwidth for the purposes of reducing noise in
electrical measurements [20], we detect the spread-out Doppler
spectrum (KV) at a center frequency Ω. We emphasize that our
method of phase retrieval is different from a phase-shifting
method [21] by which an MIT group [19] demonstrated synthetic
aperture tomography in the optical regime, although our setup is
almost the same as the MIT group's setup. We also emphasize that
our phase retrieval is different from spatial [22,23] and temporal
[20] Fourier transform methods in that we detect broad temporal
frequencies while they detect a single temporal frequency. The
maximum Doppler-shifted frequency fmax in the broad temporal
frequencies we detect is theoretically expressed as V/λn0sinθmax,
where λ is the wavelength in the vacuum, and n0 is the refractive
index of the medium, and θmax is the maximum acceptance angle
of the objective lens (n0sinθmax is the numerical aperture (NA)),
when the incident light is normal to the translational direction of
the object. In the next section, we describe the details of each
experimental setup.
2.2.2. Colored angular spectrum of the translational object
The angular spectrum formed by a rectangular aperture (slit) is
well known as a sinc function. Indeed, we chose to use the slit as a
one-dimensional object whose angular spectrum is also one-
dimensional to calibrate the DSE imaging system shown in
Fig. 2a. The 10 mm slit, in place of the sample, is translated along
its width by a motorized linear actuator (Newport, LTA-HS) at a
speed of V¼10 mm/s. The light is incident on the slit perpendicular
to the direction of movement. The translation direction on the
Fourier plane (kx-axis) was brought into focus on the CMOS
camera while the direction perpendicular to the translation direc-
tion on the object plane (y-axis) was brought into focus on the
CMOS camera by an objective lens (Nikon, 100 , oil-immersion,
NA¼1.3) and cylindrical lenses. Here, we deﬁne I(kx, y, t) as an
image yielded by the irregular imaging system. The Ω¼50 Hz
frequency-shifted reference light then interfered with the dif-
fracted ﬁeld from the slit on the CMOS camera. We recorded a time
series of 500 interferograms at 200 fps while the slit was moving
through the ﬁeld of view of the object plane. The time series of the
interferograms I(kx, y, t) are temporally Fourier-transformed in
each pixel (kx, y), and the result expresses the complex ﬁeld ~I(kx, y,
ω). (The amplitude and the phase of ~I(kx, y,ω) at a frequencyω are
shown in Supplementary Video S1).
2.2.3. Temporal imaging of the translational object
The recombination of the Doppler-shifted (i.e., temporal) fre-
quency spectrum is equivalent to the imaging achieved by recom-
bining the spatial frequency spectrum by means of a conventional
imaging system. To recombine the Doppler-spectrally encoded
angular spectrum that has been spatially separated in a manner
analogous to the optically overlapping angular spectrum on an
image plane created by an imaging lens, we binned pixels of the
acquired image on a line on the CMOS camera. Once heterodyne
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Fig. 2. Schematic diagram of the Doppler-spectrally encoded imaging system based on
a Mach–Zehnder interferometer. (a) HeNe laser, a light source having an optical
frequency ω0 (wavelength λ¼633 nm); OBJ, 100 NA1.3 objective lens; O, a
translational object at velocity V; HM1 and HM2, half mirrors; M1 and M2, mirrors;
IL, a illumination system shown in (b); C1, cylindrical lens with focal length
100 mm; C2, cylindrical lens with focal length 300 mm; C3, cylindrical lens with
focal length 200 mm; D, CMOS camera; AOM1 and AOM2, acousto-optic modula-
tors driven at frequencies of 40 MHz and 40 MHz þΩ Hz. The pair of cylindrical
lenses C1 and C3 relay an image from the back focal plane (FP) of the objective lens
OBJ onto the CMOS camera (D) along the kx-axis (solid line). The cylindrical lens C2
is a tube lens for the objective lens OBJ along the y-axis (dashed line). (b) The
illumination system for DSE-SAT. L1, cylindrical lens of focal-length 200 mm; L2,
condenser lens (Nikon, oil-immersion, NA¼1.4). L1 and L2 comprise a 4f system
along the y-axis to provide collimated light for the object while the light along the
kx-axis is focused on the sample.
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signals obtained by the heterodyne interferometric technique are
overlapped, the recombination of the down-converted ﬁeld
obtained by the heterodyne technique is the image itself. Accord-
ing to Eq. (2), the recombination of all spatial frequencies kx of the
ﬁrst-order scattered ﬁeld U1(s), which is equivalent to the integral
on the right side of Eq. (3) with respect to kx, yields the scattering
potential F(Vxt) expanded in time-space t if the incident angle of
light is normal to the translational object. We demonstrated this
recombination by using the DSE imaging system shown in Fig. 2a
and utilizing a 1951 USAF resolution test chart (Edmund Optics,
Cat. no. 38-256) as a sample. The test chart is a negative pattern (a
transparent pattern on a chrome background deposited on the
glass). While applying translational motion to the sample at
V¼10 mm/s, 2-dimensional interferograms (2000 frames at
200 fps) were recorded in a time series, and the three-
dimensional data I(kx, y, t) was stored in a personal computer
(PC). The data were summed-up (projected) along the kx-axis to
recombine all frequencies of diffracted light, which yielded tem-
poral fringes E(y, t) (a ﬁeld image of the test chart). A diagram
illustrating the summing-up process appears in Fig. 3. The projec-
tions E(y, t) of the interferograms contain the amplitude and phase
information for the sample image at the carrier frequency
Ω¼50 Hz. To retrieve the amplitude and phase, we utilize a
Fourier transformation of E(y, t) with respect to the temporal
fringes rather than the spatial fringes [22,23]. After cropping the
amplitude and phase of ~E(y, ω) in the range 7kV centered on the
heterodyne frequency Ω, the inverse Fourier transformation was
performed to yield the amplitude and phase of an image of the
test chart.
2.2.4. Doppler-spectrally encoded synthetic aperture tomography
Utilizing synthetic aperture tomography (SAT) for ultrasound
imaging was ﬁrst suggested by Nahamoo [18]. In this method, a
single sound source comprises the various incident sound angles
and is scanned by translational movement while detectors for
sound stand still. However, if the pair consisting of a source and
detector is scanned by translational movement, we must take into
account the Doppler effects of not only the incident but also the
diffracted ﬁeld.
Fig. 4 shows how the Doppler-shifted frequency is encoded to
the frequencies of the incident and diffracted light beams. The
incident light angle θ0 is diffracted and forms an angular spectrum
on the Fourier plane (FP, kx-axis), which is the back focal plane of
the lens in Fig. 4. The camera is placed at the FP. The diffracted
light's optical frequency is encoded depending on the incident and
scattering angles due to the Doppler effect. Fig. 4 shows stem plots
where three representative Doppler shifted frequencies (ΩΔω,
Ω, and ΩþΔω colored red, green, and blue, respectively) are
plotted discretely relative to the kx-axis. Fig. 4b illustrates the case
where the incident light (kb) and the direction of the translational
object are perpendicular (θ0¼01) so that the Doppler effect does
not occur with respect to the incident light (k0V¼0) but does
occur with respect to the scattering light (kV¼Δω). Conversely,
Fig. 4a and c show the respective cases where the incident light
and the translational object face toward (ka) and away (kc) from
each other so that a constant frequency shift (k0V) is added to the
Doppler shifted frequencies (ΩΔω, Ω, and ΩþΔω) from the
scattered light. As a result, the stem plot (dot-dashed line in
Fig. 4b) is shifted to þkos (dashed line in Fig. 4a) and kos (dotted
line in Fig. 4c), respectively, and the offsets 7kos depend on the
Video S1. Temporal Fourier-transform of the images the camera detects while the 10 mm-slit is translational. Each frame represents the amplitude and phase images of ~I(kx, y, ω)
at a certain frequency ω in the range of 30 to 70 Hz. The ranges of y- and kx-axes in the frame are 7.5 to þ7.4 mm and 2.0 to þ2.0 mm1, respectively. A video clip is
available online. Supplementary material related to this article can be found online at http://dx.doi.org/10.1016/j.optcom.2014.01.013.
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Fig. 3. Schematic diagram of the projections along the kx-axis of a time series of
interferograms. Each 2-dimensional interferogram obtained by the camera is
projected along the kx-axis to yield line data. As a result, the projection interfer-
ogram composed of a time series of line data was obtained.
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incident light angles 7θ0 and are related by the Abbe sine
condition [24], kos¼7 fOBJ sin(θ0), where fOBJ is the focal length
of the objective lens. Fig. 4d summarizes Fig. 4a–c in an ωkx
chart. Fig. 4d represents that the diffracted ﬁeld, line (a), line (b),
and line (c), derived from any given angled incident light angle ka,
kb, and kc has does not have a single Doppler-shifted frequency but
a Doppler spectrum according to kV.
A decomposition of the incident angles of light was performed
with consideration for the Doppler-shifted frequency due to the
incident and scattered angle of the light. During an actual experi-
ment, the recorded interferograms I(kx, y, t) in a time series
(Fig. 5a) were temporally Fourier-transformed in each pixel
(kx, y) into ~I(Ix, y, ω) as shown in Supplementary Videos S2 and
S3 for the bead experiment, and the data on the plane deﬁned by
ω¼2πV/(λfOBJ)(kxkos)þΩ, which is derived from Eq. (1) were
subsequently extracted as complex ﬁelds E(k'x, y, θ0) of the
diffracted light when the light was incident at the angle θ0. By
changing the offset kos, 701 sliced complex images within the
double-sided bandwidth 2fmax (40 Hz) that was centered at the
heterodyne frequencyΩ were collected (Fig. 5b). Next, we aligned
the sliced image E(k'x, y, θ0) on kos (Fig. 5c) because kos is the zero-
order diffraction light when the light is incident at the angle θ0; kos
is the origin of k'x on each sliced image E(k'x, y, θ0). After
performing the Fourier transform with respect to k'x, phase images
were extracted from the complex image E(x, y, θ0) (Fig. 5d). The
backgrounds of the phase images were subtracted so that the xθ
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Fig. 4. Schematic diagram of the Doppler spectral-encodings of the incident light and the diffracted light. (a)–(c) The diffracted beams from the incidence angles of the light (ka,
kb, and kc) to the translational object O at velocity V reach the Fourier plane (FP) and subsequently interfere with the frequency-shifted (Ω) reference light (not shown). The
frequencies of the beating signals on the FP are the different Doppler frequencies ΩΔω, Ω, ΩþΔω, which depend on the scattering angle. (d) The Doppler spectrum derived
from each incident light beam (ka, kb, kc) are on the lines (a)–(c) shown in (a)–(c). Analytic signals of the image of the object spread out from the center frequency of Ω and
correspond to the ﬁrst-order diffracted light (dashed box in (d)) while the dc signals spread at a center frequency of zero Hz, which corresponds to the zero-order diffracted
light (shaded area in (d)). (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
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order. (d) Fourier transformation with respect to k'x and extract the phase from the complex ﬁelds. The numbers in the parentheses are in the cases of the cell experiment.
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planes represent sinograms s(x, θ; y) in terms of the phase delays
of the samples. Then, each sinogram is inverse radon-transformed
[26] to yield a 2-dimensional refractive index map. These maps,
which are stacked in the y-axis constitute a 3-dimensional
refractive index map of the samples. In Fig. 5b, we truncated the
frequency channels on both sides in kx–y–ω space centered at the
heterodyne frequency Ω. To not leave any channel to waste, the
sampling frequency is ﬁxed as fs¼6fmax, and the heterodyne
frequency (Ω) is determined byΩ¼2fmax; the frequency channels
from fmax to 3fmax that are centered at 2fmax should be truncated.
In the bead experiment, we obtained a time series of 2000
interferograms (one frame contains 512256 pixels in the kx- and
y-axes, respectively) modulated at the heterodyne frequency
Ω¼160 Hz at 500 fps from the CMOS camera while the bead
was translated at 10 mm/s. In the cell experiment, the size of the
interferogram was 512512 pixel, the heterodyne frequency Ω
was 80 Hz, the camera frame rate was 250 fps, and the velocity of
the sample was 10 mm/s. The acquisition times of the
interferograms were 4 seconds and 8 seconds, respectively, and
the incident angle step Δθ0 was 0.21.
2.3. Sample preparation
All samples featured in this paper were translated by the
motorized linear actuator at a speed of 10 mm/s. The 4.5 mm
polystyrene bead (Polybead, Polysciences, Inc.) on a glass slide
was covered with a coverslip after immersion in immersion oil
(refractive index of 1.513 at 633 nm, Cargille, Cat. No 16484, type
B). The cultured cells of HeLa were derived from human cervical
cancer cells. After sub-culturing the cells on a glass slide in
Dulbecco's Modiﬁed Eagle Medium (Gibco, DMEM, Cat. No
11965-092) supplemented with 10% Fetal Bovine Serum (FBS) for
one day in a 5% CO2 environment, these cells were ﬁxed in 1%
paraformaldehyde, replaced with phosphate buffered saline (PBS),
and covered by a coverslip. The cells were not stained with any
dyes including ﬂuorescence dyes.
Video S2. Temporal Fourier-transform of the images the camera detects while the 4.5 mm bead is translational. Each frame represents the amplitude and phase images of ~I (kx, y,
ω) at a certain frequency ω in the range of 140 to 180 Hz. The ranges of y- and kx-axes in the frame are 7.5 to þ7.4 mm and 2.0 to þ2.0 mm1, respectively. A video clip is
available online. Supplementary material related to this article can be found online at http://dx.doi.org/10.1016/j.optcom.2014.01.013.
Video S3. Temporal Fourier-transform of the images the camera detects while the 4.5 mm bead is translational. Each frame represents the amplitude and the phase images of ~I (kx,
y, ω) at a certain position y in the range of 7.5 to þ7.4 mm. The range of ω- and kx-axes in the frame is 140 to 180 Hz and 2.0 to þ2.0 mm1, respectively. A video clip is
available online. Supplementary material related to this article can be found online at http://dx.doi.org/10.1016/j.optcom.2014.01.013.
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2.4. Data processing
In DSE-SAT, we utilized the source code [25] to apply a ﬁltered
back-projection algorithm [26] to the projected phase images to
create a 3-dimensional refractive index map under the assumptions
that the light penetrates straight into the samples and the recon-
structed refractive index cannot be a negative value. We also added
the further assumption that the interior of the glass slide (the region
beneath the cells) must be zero in relative refractive index. The
constraints under the assumptions help to ﬁll iteratively in a large
missing data in the 3D Fourier volume due to only kx spanning of the
incident light [25]. The refractive index map obtained after the
ﬁltered back-projection algorithm is added that of the medium to
obtain the absolute value of the samples. All data processing and
visualizationwas performed with Matlab software (MathWorks, Inc.).
3. Results and discussion
3.1. Colored angular spectrum
We depicted the colored angular spectrum of a 10 mm slit in
Fig. 6. The term exp( iKV) in Eq. (2) modulates the angular
spectrum of the slit only along the translation (V) direction, which
results in a colored angular spectrum spread along the direction V.
For example, we show one of our recorded time series of inter-
ferograms I(t, x, y) in Fig. 6a. The amplitude image of ~I(ω, x; y¼0)
is shown in Fig. 6b. (See also the frequency-scanned amplitude and
phase images for ~I(x, y; ω) in Supplementary Video S1.) This graph
reveals that the Doppler-shifted frequency Δω is linearly propor-
tional to the spatial frequency, which is represented on the vertical
axis in Fig. 6b. In effect, the spatial frequencies of the object are
converted to Doppler-shifted frequencies, and the linearity of the
conversion proves that the objective lens is designed to comply
with the sine condition [24]. The temporal frequencies of the
maximum amplitudes at each pixel on the interferogram shown in
Fig. 6c are gradually changing along the kx-axis (direction of
translation) while staying uniform along the y-axis (normal to
the direction of translation). The maximum Doppler-shifted fre-
quency fmax (Fig. 6c) agrees with the theoretical value of 20 Hz.
3.2. Temporal imaging of the translational object
After obtaining a time series of the 2-dimensional interfero-
grams as the test chart was translated at a speed of 10 mm/s, we
projected the intensity along each line parallel to the x-axis (Fig. 3)
to emulate the recombination to yield the ﬁeld of the image in
Fig. 7a. In practice, the projection along a line (i.e., binning pixels
on a line) is performed by a personal computer after the 2-
dimensional interferograms are acquired with a CMOS camera.
Line-binning, which is a function of the camera, is utilized in this
task. Because the integration over kx on the Fourier plane yields a
ﬁeld image according to Eq. (2), we can expect a test-chart image
such as the one modulated by the heterodyne (carrier) frequency
Ω¼50 Hz in Fig. 7a, which represents a line-binning image of the
time series of interferograms. In practice, however, the interfero-
grams taken by the camera on the Fourier axis are saturated in
intensity around the zero-order diffracted light (dc-component)
due to the limited dynamic range of the camera. After ﬁltering out
the dc-component, we obtained the ﬁeld image of the test chart
shown in Fig. 7b where the ﬁeld image was focused in the y-
direction and defocused in the time direction. The defocus due to
the imperfect plane waves of the reference and sample beams was
corrected by subtracting a quadratic phase factor [14] from the
Fourier transform of the projections of the interferograms.
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To retrieve the amplitude and phase of the ﬁeld (shown in Fig. 7c
and d, respectively), the demodulation is performed in a manner
similar to that of the spatial-fringe pattern [22,23]. In phase
measurements such as phase-shifting interferometry (PSI)
[21,27–29] or Fourier transform interferometry [20], the sample
must remain stationary to prevent the phase of the scattering light
from changing (i.e., due to the Doppler shift) during successive
acquisitions of interferograms. However, Doppler-spectrally
encoded imaging requires a continuous change in the phase of
the scattering light. Therefore, DSE imaging is suitable for the
imaging of translating objects. The spatial resolution of the
demodulated image is limited to the sampling interval because
the sampling frequency during acquisition of the time-varying
interferogram limits the acceptable angles of the scattering light
almost like the numerical aperture of an optical system. DSE image
resolution is limited not only by the maximum acceptance angle
θmax of the scattering light but also by the sampling rate fs of the
time-varying interferograms, which have a maximum frequency of
kV¼(n0sinθmax)V/λ according to Eq. (1). The criterion for DSE
imaging resolution is expressed as fs42(n0sinθmax)V/λ where the
factor of 2 is derived from the sampling theorem.
In view of the facts that recombining the various temporal
frequencies yields an image over time and the temporal resolution
of the sampling limits the image resolution, we call this recombina-
tion technique temporal imaging as an analogue to temporal focus-
ing [11–13]. While temporal focusing is performed using an
angularly decomposed frequency spectrum and ultrafast laser light
by means of a stationary grating, temporal imaging is performed by
forming a temporally decomposed frequency spectrum for mono-
chromatic laser light by way of a translating grating. We note that
temporal imaging is a physical process to image a translating object
on an image plane where spatial imaging is also performed. As
mentioned before, we performed temporal imaging in the Fourier
plane rather than an image plane. Of course, any plane is available
to perform temporal imaging because the Doppler-spectrally
encoded diffracted light propagates in space and even in opaque
media while maintaining its Doppler-shifted frequencies. However,
temporal imaging on a Fourier plane is often not suitable because
the collimated light incident on the sample is focused on the
camera in a DSE imaging system and results in saturation of the
camera due to its narrow dynamic range.
In temporal imaging, the integration of the scattered ﬁeld
over kx will result in a reduction in dimension of the sensor
array. Particularly in the sound- [30] or radio-wave regimes, 2-
dimensional transducers are uncommon compared with the
ubiquity of optical transducers such as CCD or CMOS cameras,
and no imaging lenses exist in such regimes. Under such
conditions, an unfocused, diffracted 2D-image of a translational
object is believed to be detectable with a 2-dimensional array of
transducers. One advancement of temporal imaging is the
capability to use a 1-dimensional array of long, strip-shaped
transducers to detect a 2-dimensional diffracted image of the
translating object.
3.3. Doppler-spectrally encoded synthetic aperture tomography
Finally, we apply the DSE imaging system to acquire a 3-
dimensional computed tomographic image of the refractive index
of translational objects. To demonstrate the DSE-SAT method, we
used a 4.5 mm single bead made of polystyrene (Polybead, Poly-
sciences, Inc.), which have a refractive index of 1.59, for to map the
3-dimensional refractive index as shown in Fig. 8. Contrary to the
Doppler spectrum of the translational slit for which the collimated
light is normally incident (as shown in Fig. 6b), the Doppler
spectrum in Fig. 8a and Supplementary Videos S2 and S3 is
broadened because of the presence of multiple incident angles.
Fig. 8b shows an amplitude image for the incident angle θ0¼0,
which intersects on the white line in Fig. 8a. Fig. 8c shows the
phase image corresponding to the amplitude image. Once we
obtained the complex ﬁeld shown in Fig. 8b and c, the complex
image of the bead was obtained by one-dimensional Fourier-
transform with respect to the kx-axis as shown in Fig. 8d and e.
After the decomposition of the incident angles, we applied angular
projection phase images ranging from 451 to þ451 to the ﬁltered
back projection algorithm [25,26]. The 3-dimensional refractive
index map of the bead was then obtained as shown in Fig. 8f. The
shape of the reconstructed image was elongated along the z-axis
because of the limited incident angle (the so-called missing-edge
or missing-cone artifact in computed tomography).
We also formed a 3-dimensional refractive index map of the
ﬁxed cells (HeLa, derived from human cervical cancer cells)
attached on the glass slide as shown in Fig. 9. The threshold of
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the outline of the cells was a refractive index of 1.33. The
heterogeneous structure in the cytoplasm, which has a higher
refractive index than the nucleus [25], might deteriorate due to
ﬁxation of the cells. We discovered that there are some closed-
surfaces whose refractive indices are lower within the nucleus as
in Fig. 9a and b; however, the bright ﬁeld image of a certain slice
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shown in Fig. 9c does not reveal this fact. Although we used only
phase information to which the ﬁltered back projection algorithm
is applied in this paper, the information on both the amplitude and
phase can be utilized for the tomographic imaging by applying the
Fourier diffraction theorem [31] to a set of angularly projected
complex ﬁelds. In the Fourier diffraction theorem, a large missing
data in the 3D Fourier volume due to only kx spanning of the
incident angle can be ﬁlled by the iterative reconstruction under
constraints [32].
Synthetic-aperture tomography was ﬁrst implemented in an
optical regime by a group at MIT [19]. Their method moved the
object translationally relative to the source and the detector. As a
result, the source and detector are scanned simultaneously. To
deploy a synthetic aperture method that requires only source
scanning, they numerically aligned the images on the center by
shifting in a direction that was opposite the translating object after
obtaining the complex ﬁeld images. To clarify the difference
between their method and ours, their data-processing is listed
here by using our notation. First, a four-frame phase shift method
is applied to four times as many interferograms as we need to
yield the complex ﬁelds E(kx, y, t) during the sample's movement.
Second, the Fourier-transformation of E(kx, y, t) is taken with
respect to kx to obtain complex images. Third, the complex images
E(x, y, t) are aligned on center. Fourth, the Fourier-transformation
of E(x, y, t) is taken with respect to time, to decompose the ﬁelds E
(x, y, θ0) depending on the incident light angle θ0. Fifth, the phase
images are extracted to obtain the sinograms s(x, θ0; y) in terms of
the phase-delay. On comparing their procedure with ours,
although the number of Fourier transforms (known as a time-
consuming process) is the same in both procedures, they have an
extra processing of the phase retrieval from four consecutive
frames in interferograms. The four-frame phase shift method
requires that the translating object appears to be stationary during
the acquisition of four interferograms that are π/2 adjacent in
phase. The MIT group, however, placed the camera on a Fourier
plane along the kx-axis in such a way that the phase of the ﬁeld at
the maximum kx appears to be stationary during the acquisition of
the four interferograms. This hypothesis requires that the acquisi-
tion rate of the camera is approximately 100 times as high as the
maximum phase-changing rate (fmaxþΩ) of the ﬁeld at the
maximum kx. As described in Section 2.2.4, the criterion in terms
of the acquisition rate (fs) in the DSE-SAT is only 6 times as high as
fmax because we recorded only temporally varying interferograms
in consideration of the sampling theorem. Of course, the exposure
time of each acquisition of an interferogram in both methods
should be sufﬁciently short for the translating object to appear to
be stationary.
Thus far, we have described the comparison of the requirement
on the acquisition rates of the camera to be a certain speed for the
translational objects. Apparently, one limiting factor on the speed
of the translating object is the acquisition rate of the camera,
which enables our method to image faster moving objects when
using the same camera (the same acquisition rate). An ultra-high
speed digital camera [33] whose frame rate is, for example,
fs¼1000,000 fps can image an object moving at a speed of
0.2 m/s in 3-dimensional refractive index with high-resolution
(NA¼1.3). To overcome the acquisition rate limitation of available
cameras, one could consider retroﬁtting DSE-SAT with transverse
(normal to the translation direction) spectrally encoded illumina-
tion [7,8] because of ﬁber-ampliﬁcation of the light and the
reduction in dimensions of the photo-receiver to a single pixel.
DSE imaging is a type of label-free phase imaging. Label-free
imaging [34] will continue to be the subject of growing attention
in ﬁelds requiring the assessment of artiﬁcial tissues originating
from induced pluripotent stem (iPS) cells and embryonic stem (ES)
cells because a strain-free observation is preferable in regenerative
medicine [35]. In this paper, we cultured the cells on a glass slide
and imposed a constant translation velocity on the cells by using a
motorized stage on which the glass slide was placed. This conﬁg-
uration is effectively a slide scanner. In a ﬂow cytometer, on the
other hand, cells in the medium are moving in a micro-ﬂuidic
channel. DSE imaging is also suitable for the ﬂow cytometer
conﬁguration [6–9] because the experimenter can realize laminar
ﬂow (sheath ﬂow) and has control over the constant velocity of
the ﬂowing samples.
DSE imaging can be applied to ﬁelds not only in the optical
regime but also to any sound or electro-magnetic waves where the
Doppler effect occurs. The advantage of our method in sound or
electro-magnetic regimes is the resulting smaller receiver dimen-
sions, which allow us to utilize one-dimensional transducers and
to scan quickly for 2-dimensional imaging in nondestructive
testing of industrial products.
4. Conclusion
In conclusion, we proved that the angular spectrum of a
translating object can be encoded by its Doppler spectrum, and
the interferometric recombination of the Doppler spectrum
yielded a 2-dimensional complex image. Furthermore, we
exploited the Doppler shift of diffracted light in the process of
extracting a diffracted ﬁeld corresponding to certain incident
angles of the light in synthetic aperture tomography. We applied
this exploit to the imaging of the 3-dimensional refractive index of
transparent samples such as beads and cells.
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